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  IX.5.1  THE GENERALIZED FINITE INTEGRAL TRANSFORM METHOD  
 
 

Introduction   Let ( )u x,ξ  be a function of the independent variable x and of the some other  
independent variables denoted by the consolidated symbol ξ .  
 
Consider a partial differential equation for ( )u x,ξ  in the domain for which the 
variable x  is defined in the finite interval 1 2x x x< < .  Let L  be a linear 2nd order 
differential operator applied to the function u with respect to the variable x  
 

        ( ) ( ) ( )0 1 2Lu a x u a x u a x u′′ ′≡ + +     1 2x x x< < ,  Gξξ ∈          (1) 
 
        Assume that conditions are given for ( )u x,ξ  at the boundary of interval ( )1 2x ,x : 
 

        1x x=   ( )
1

1 1 1
x x

uk h u f
x

ξ
=

∂ − + = ∂ 
              (2) 

        2x x=   ( )
2

2 2 2
x x

uk h u f
x

ξ
=

∂ + + = ∂ 
              (3) 

 
 

Integral transform    Our objective is to construct the integral transform xℑ  in the variable x   

( ){ } ( )x u x, uξ ξℑ =    ( ){ } ( )x u x, uξ ξℑ →   

which eliminates differential operator L  

        ( ){ }x Lu x,ξℑ  = some expression which includes ( )u ξ  but not L. 

In the Cartesian coordinate system for differential operator 
2

2

uLu
x
∂

≡
∂

, such an 

integral transform was defined by the integral kernel as the normalized 
eigenfunctions of the corresponding supplemental Sturm-Liouville Problem (see 
table SLP).  Here, we consider an arbitrary differential operator L , but our 
approach also will be based on the solution of the corresponding eigenvalue 
problem. 

 
 
        Skip ξ  in derivation  For simplicity, the variable ξ  will be omitted from the notations of ( )u x,ξ . 

Derivation will be concentrated only on the variable x.  Therefore, notation ( )u x  
does not eliminate the presence of the other variables or parameters. 
 
The derived generalized finite integral transform method is termed generalized 
because it can be applicable for the wide family of the second order differential 
operators, and the traditional methods such as the Finite Fourier transform method 
and the Finite Hankel transform method will be its particular cases.  Transform is 
called finite because the variable x belongs to the finite interval 1 2x x x< < . 
 
Construction of the finite integral transform xℑ  consists in the following steps. 
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1. Analyze Differential operator L     
 

Consider the differential expression of the second order defined as a result of  
application of some operator L  to the function ( ) ( )2 1 2u x C x ,x∈    

         ( ) ( ) ( ) ( )0 1 2Lu x a x u a x u a x u′′ ′≡ + + , 1 2x x x< <          (4) 

         where coefficients ( ) [ ]k 1 2a x C x ,x∈  are continuous functions, and  

( )0a x 0> ,     1 2x x x< <  

         Let the following boundary conditions are imposed on ( )u x : 

         ( ) ( ) ( )1 1 1 1 1u x u x fα β ξ′− + = ,     1 1 1 10, 0, 0α β α β> > + >   (5a) 

         ( ) ( ) ( )2 2 2 2 2u x u x fα β ξ′+ + = , 2 2 2 20, 0, 0α β α β> > + >   (5b)   
 
         Define functions ( ) ( )p x ,q x ,  and ( )r x  by the equations 

         ( ) ( )

( )
( )

1

0

a x
dx

a x

0

1p x e 0
a x

= >
∫      ( )p x 0>  

         ( ) ( ) ( )2q x a x p x=  ( )
( )

( )
( )

1

0

a x
dx

a x1

0

a x
e

a x
=

∫  

         ( ) ( ) ( )
( )
( )

1

0

a x
dx

a x
0r x a x p x e 0= = >

∫       ( )r x 0> . 
 
         Then operator L  can be rewritten in the following self-adjoint form  (p.442) 
 

 Self-adjoint form     ( )Lu x ≡    
( ) ( )1 ru qu

p x
 ′′ +  

                                 (6) 

 
 
 

2. Supplemental eigenvalue problem and corresponding inner product vector space ( )2
p 1 2L x ,x   

Consider eigenvalue problem for the given operator L  with a parameter λ  subject 
to the boundary conditions, which are the homogeneous case of conditions (5): 

 

 Eigenvalue problem    Ly yλ=       1 2x x x< <           (7) 

( ) ( )1 1 1 1y x y x 0α β′− + = ,   1 1 1 10, 0, 0α β α β> > + >   (8a) 

         ( ) ( )2 2 2 2y x y x 0α β′+ + = ,   2 2 2 20, 0, 0α β α β> > + >    (8b)     

        Rewrite equation (7) using the self-adjoint form of operator (6): 

         ( )1 ry qy y
p

λ ′′ + =  
 

        and rearrange this equation to the Sturm-Liouville form ( p.438): 

        ( ) ( )ry q p y 0λ′′ + − =                   (9) 
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According to Sturm-Liouville Theorem (VI.3, p.439), for this eigenvalue problem 
to be solvable, parameter λ  has to be non-positive, 2λ µ= − .  Therefore, 

        ( ) ( )2ry q p y 0µ′′ + + =                       ( 9′ ) 

Eigenvalues nµ     There exist infinitely many eigenvalues 0 1 20 ...µ µ µ= < < <  ( 0 0µ =  only when 

Eigenfunctions ( )ny x    both 1 2 0α α= = ),  for which equation ( 9′ ) has non-trivial solutions ( )ny x   

2
n n nL y yµ= −                  (10) 

satisfying the homogeneous boundary conditions (8). 
 

Inner product    Define inner product for ( ) ( ) ( )2
1 2v x ,u x L x ,x∈  with the weight function ( )p x  as 

         ( ) ( ) ( ) ( )
2

1

x

p
x

v,w  v x w x p x dx= ∫              (11) 

Define the norm of functions ( ) ( )2
1 2v x L x ,x∈  with the help of inner product  

Norm       ( ) ( ) ( ) ( )
2

1

x
2 2

pp
x

 v x  v,v  v x p x dx= = ∫             (12) 

Vector Space Then the vector space ( )2
p 1 2L x ,x  with the defined inner product is the Hilbert 

space (Riesz-Fischer Theorem, VI.1, p.432). 
 

Orthogonality of ( ){ }ny x   According to Sturm-Liouville Theorem, the set of eigenfunctions ( ){ }ny x is a  

complete set of mutually orthogonal functions in ( )2
p 1 2L x ,x  

( )n m p
y , y  0=  if     n m≠                 (13) 

and any function ( ) ( )2
p 1 2f x L x ,x∈  can be represented by the series expansion as 

( ) ( )n n
n 1

f x c y x
∞

=

= ∑ ,    where  
( )
( )

( )n np p
n 2

n n p n p

f , y f , y
c

y , y y
= =           (15) 

Therefore, expansion of ( )f x  can be rewritten as 

( ) ( ) ( )n
n 2p

n 1 n p

y x
f x f , y

y

∞

=

= ∑               (16) 

 
This eigenfunction expansion formula can be used for definition of the Finite 
Integral Transform, and for the corresponding Inverse Transform for reconstruction 
of the function from its transform: 

 
3.   Finite Integral Transform pair 

 

Direct Transform   ( ){ }u xℑ   ( )n p
u, y=  ( ) ( ) ( )

2

1

x

n
x

 u x y x p x dx= ∫   nu=       (17) 

Inverse Transform   { }1
n u−ℑ     

( )n
n 2

n 1 n p

y x
u

y

∞

=

= ∑     ( )u x=      (18) 

In a result, function ( )u x of continuous variable x is transformed to a sequence of 
discrete values nu .  Inverse transformation is defined by the series expansion. 
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4.  Operational Property    
 

For application of this integral transform to solution of the boundary value 
problems, the operational property of integral transform has to be developed. 
Let ( )u x  satisfies non-homogeneous boundary conditions (5), and let Lu  be the  
differential operator defined by equations (4), which has the self-adjoint 
representation (6).   Apply integral transform (17) to the differential operator L : 
 

{ }Luℑ   
( ) ( )1 ru qu

p x
   ′′= ℑ +     

 
( )
1 

p x
= ( ) ( ) ( )nru qu y x p x ′′ +  

2

1

x

x

dx∫   

( ) ( )
2

1

x

n
x

 ru y x dx′′= ∫           ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( )
2

1

x

n
x

 y x d ru′= ∫           ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( )
2

2

1
1

x
x

n nx
x

 y x ru y x ru dx′ ′ ′= −   ∫        ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( )
2

2

1
1

x
x

n nx
x

 y x ru y x rdu′ ′= −   ∫         ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( ) ( )
2

2 2

1 1
1

x
x x

n n nx x
x

 y x ru y x ru u ry x dx′′ ′ ′= − +          ∫    ( )
2

1

x

n
x

quy x dx+ ∫  

( ) 2
n n n nry qy y pµ′′ = − −        ⇒   ( ) ( )

2
2 2

1 1
1

x
x x 2

n n n n nx x
x

 y x ru y x ru u qy y p dxµ ′ ′= − + − −        ∫   ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( )
2 2

2 2

1 1
1 1

x x
x x 2

n n n n nx x
x x

 y x ru y x ru uy p dx uqy dxµ′ ′= − − −       ∫ ∫  ( )
2

1

x

n
x

quy x dx+ ∫  

( ) ( )2 2

1 1

x x 2
n n n nx x

 y x ru y x ru   uµ′ ′= − −        

 

{ }Luℑ   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n 2 2 2 n 1 1 1 n 2 2 2 n 1 1 1 y x r x u x y x r x u x y x r x u x y x r x u x′ ′ ′ ′= − − +   2
n n  uµ−          (19) 

 
 

This expression (19) can be used for derivation of the particular cases of the 
operational property for different types of boundary conditions. Consider the cases 

 

I-I  Dirichlet - Dirichlet   ( ) ( )1 1u x f ξ=                 (5a) 

        ( ) ( )2 2u x f ξ=                  (5b) 

( )1y x 0=                     (8a) 

        ( )2y x 0=                    (8b) 
 
{ }Luℑ   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )n 2 2 2 n 1 1 1 n 2 2 2 n 1 1 1 y x r x u x y x r x u x y x r x u x y x r x u x′ ′ ′ ′= − − +   2

n n  uµ−  

   ( )n 2 y x= ( ) ( ) ( )2 2 n 1r x u x y x′ − ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 n 2 2 2 n 1 1 1r x u x y x r x u x y x r x u x′ ′ ′− +   2
n n  uµ−  

   ( ) ( ) ( ) ( ) ( ) ( )2
n n n 2 2 2 n 1 1 1   u y x r x u x y x r x u xµ ′ ′= − − +  

 
{ }Luℑ   ( ) ( ) ( ) ( ) ( ) ( )2

n n n 2 2 2 n 1 1 1   u y x r x f y x r x fµ ξ ξ′ ′= − − +   (20) 

( )from Eqn. 9′
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  I – II    Dirichlet-Neumann  ( ) ( )1 1u x f ξ=                (5a) 

        ( ) ( )2 2u x f ξ′ =                 (5b) 

( )1y x 0=                    (8a) 

        ( )2y x 0′ =                   (8b) 
 
{ }Luℑ   ( ) ( ) ( ) ( )n 2 2 2 n 1 y x r x u x y x′= − ( ) ( ) ( )1 1 n 2r x u x y x′ ′− ( ) ( ) ( ) ( ) ( )2 2 n 1 1 1r x u x y x r x u x′+  2

n n  uµ−  

   ( ) ( ) ( ) ( ) ( ) ( )2
n n n 2 2 2 n 1 1 1   u y x r x u x y x r x u xµ ′ ′= − + +  

   

        { }Luℑ  ( ) ( ) ( ) ( ) ( ) ( )2
n n n 2 2 2 n 1 1 1   u y x r x f y x r x fµ ξ ξ′= − + +   (21) 

 
 
   III-III   Robin-Robin   Boundary conditions are defined by equations (5) and (8). 
 

Equations (8) can be rewritten as 
 

( ) ( )1
1 1

1

y x y xβ
α

′ = + ,   1 10, 0α β> >  

        ( ) ( )2
2 2

2

y x y xβ
α

′ = − ,   2 20, 0α β> >  

{ }Luℑ   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 1
n 2 2 2 n 1 1 1 2 2 2 1 1 1

2 1

 y x r x u x y x r x u x y x r x u x y x r x u xβ β
α α

′ ′= − + +     2
n n  uµ−  

   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 1
n 2 2 2 2 n 1 1 1 1

2 1

 y x r x u x u x y x r x u x u xβ β
α α

   
′ ′= + + − +   

   
     2

n n  uµ−  

   ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 1f f

n 2 2 2 2 2 2 n 1 1 1 1 1 1
2 1

1 1 y x r x u x u x y x r x u x u x  α β α β
α α

   ′ ′= + + − +   

 

     2
n n  uµ−  

   ( ) ( ) ( ) ( ) 22 1
n 2 2 n 1 1 n n

2 1

f f y x r x y x r x    uµ
α α

= + −  

         { }Luℑ  ( ) ( ) ( ) ( )2 2 1
n n n 2 2 n 1 1

2 1

f f   u   y x r x   y x r xµ
α α

= − + +    (22) 

 

  III – I    Robin-Dirichlet   ( ) ( ) ( )1 1 1 1 1k u x h u x f ξ′− + =               

        ( ) ( )2 2u x f ξ=  

                 
( ) ( )1 1 1 1k y x h y x 0′− + =                  

        ( )2y x 0=                    
 

         { }Luℑ  2
n n   u   µ= − +            (23) 
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5. OUTLINE of the Finite Integral Transform method 
 

 1) Given operator L     ( ) ( ) ( ) ( )0 1 2Lu x a x u a x u a x u′′ ′≡ + + ,  1 2x x x< <   

where ( ) [ ]k 1 2a x C x ,x∈ , ( )0a x 0> ,  1 2x x x< <  

         Boundary conditions are imposed on function ( )u x  

         ( ) ( ) ( )1 1 1 1 1u x u x fα β ξ′− + = ,   1 10, 0α β≥ ≥ ,  1 1 0α β+ >    

         ( ) ( ) ( )2 2 2 2 2u x u x fα β ξ′+ + = ,   2 20, 0α β≥ ≥ ,  2 2 0α β+ >    

  Self-adjoint form    ( ) ( ) ( )1Lu x  ru qu
p x

 ′′≡ +  
 

         where ( ) ( )

( )
( )

1

0

a x
dx

a x

0

1p x e
a x

=
∫ ,  ( ) ( ) ( )2q x a x p x= ,  ( ) ( ) ( )0r x a x p x=   

 2) Supplemental eigenvalue problem (Sturm-Liouville problem) Ly yλ= , where 2λ µ= −  

         ( ) ( )2ry q p y 0µ′′ + + = ,    1 2x x x< <   

( ) ( )1 1 1 1y x y x 0α β′− + = ,    1 10, 0α β≥ ≥ ,  1 1 0α β+ >  

         ( ) ( )2 2 2 2y x y x 0α β′+ + = ,   2 20, 0α β≥ ≥ ,  2 2 0α β+ >  
 
          Solve for eigenvalues nµ , n 0,1,2,...=   ( 0 0µ =  only  if 1 2 0α α= = ) 

0 1 20 ...µ µ µ= < < <                    
and for the corresponding eigenfunctions ( )ny x  

2
n n nLy yµ= −  

satisfying the boundary conditions. 
 

Hilbert space ( )2
p 1 2L x ,x    Define inner product for ( )2

1 2v,u L x ,x∈  with the weight function ( )p x  as 

        ( ) ( ) ( ) ( )
2

1

x

p
x

v,w  v x w x p x dx= ∫  

and define the norm with the help of introduced weighted inner product 

( ) ( ) ( )
2

1

   x
2 2

pp
x

v v,v  v x p x dx= = ∫  

3)  Integral Transform   ( ){ }u xℑ   ( )n p
u, y=  ( ) ( ) ( )

2

1

x

n
x

 u x y x p x dx= ∫   nu=  

Inverse Transform   { }1
n u−ℑ     ( )n

n 2
n 1 n p

y x
u

y

∞

=

= ∑     ( )u x=  

 

 4) Operational property  { }Luℑ  ( ) ( ) ( ) ( )2 2 1
n n n 2 2 n 1 1

2 1

f f   u   y x r x   y x r xµ
α α

= − + +           (III-III) 

 
 5) Apply defined integral transform { }  ℑ  to the differential equation using the operational property. 

 6) Solve for transformed function nu   and apply the inverse transform to find the solution ( )u x  { }1
n u−= ℑ . 

( )the case of Robin-Robin b.c.'s
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  6. EXAMPLE    Viscous fluid flow between two rotating cylinders (see IX.4.7.5),  SF-AD-2-1-FiT example.mws 
 

          2

1 u 1 ur u 
r r r tr

ν
α

∂ ∂ ∂  − = ∂ ∂ ∂ 
,  1 2r r r< < , t 0>        1ν =   

          initial condition:    ( )u r,0 0= ,    1 2r r r≤ ≤   

          boundary conditions:   ( ) ( ) ctf
r
ru

1
1 ==

∂
∂   Neumann 

( ) ( ) 22222 rtfru ω==   Dirichlet 

 

1) Differential operator L    ( ) ( )1 1Lu r ru u
r r
 ′′≡ −  

    self-adjoint form,  weight ( )p r r=   

2) Sturm-Liouville problem    ( ) 21 1ry y y
r r

µ ′′ − = −  
  ( )1y r 0′ =   (N)    

( )2y r 0=  (D)   
  

( )2 2 2r y ry r 1 y 0µ′′ ′+ + − =  The Bessel equation of order   1ν =  

Eigenvalues nµ  are the positive roots of characteristic equation (p.518). 
The corresponding solutions ( )ny r  are (p.519): 

( ) ( ) ( ) ( ) ( )n 1 n 1 n 2 1 n 1 n 2y r J r J r Y r Y rµ µ µ µ= −   

( ) ( )
2

1

r
2 2

n nr
r

y r y r rdr= ∫   squared norm  (see Ozisik, p.140) 

3) Integral Transform     ( ){ }u xℑ =   nu  ( )n p r
u, y

=
=  ( ) ( )

2

1

r

n
r

 u r y r rdr= ∫  

4) Operational property     { }Luℑ  ( ) ( )2
n n 1 1 n 1 2 2 n 2   u  - r f y r r f y rµ ′= − −        (N-D, p.831 ☼☼) 

5) Apply transform ℑ  to equation  ( ) ( )2n
n n 1 1 n 1 2 2 n 2

u
   u  - r f y r r f y r

t
αµ α α

∂ ′= − −
∂

   

Apply Laplace transform    ( ) ( )2
n n n 1 1 n 1 2 2 n 2

1sU   U  r f y r r f y r
s

αµ α ′= − − +    

6) Find the transformed solution nU    ( ) ( )n 1 1 n 1 2 2 n 22 2
n n

1 1 1U  r f y r r f y r
s sµ αµ

 
′= − + −     + 

 

 Apply inverse Laplace transform  ( ) ( ) ( )2
n t

n 1 1 n 1 2 2 n 22
n

1u  r f y r r f y r 1 e αµ

µ
−′= − + −    

 

 Solution (apply inverse 1−ℑ )   ( )u r,t   ( )n
n 2

n 1 n p

y r
u

y

∞

=

= ∑  ( ) ( ) ( ) ( )2
n1 1 n 1 2 2 n 2 n t

2 2
n 1 n n p

r f y r r f y r y x
1 e

y
αµ

µ

∞
−

=

′+
= − ⋅ ⋅ −∑

    

 Steady state solution      ( )sLu r 0     = ⇒    ( )
( ) ( )2 2

1 1 2 2 2 1 2 2 1
s 2 2 2 2

1 2 1 2

f r f r f f r r r 1u r r
rr r r r

+ −
= +

+ +
  

 Not-oscillating form of solution  ( )u r,t   ( ) ( ) ( ) ( ) 2
n1 1 n 1 2 2 n 2 n t

s 2 2
n 1 n n p

r f y r r f y r y x
u r   e

y
αµ

µ

∞
−

=

′+
= + ∑  

2 2 2f rω=
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  7.  EXAMPLE   Heat Equation (see IX.3.2)    Heat conduction in the 1-dimensional slab with heat generation 
 
           
 
 
 
 
 
 
 
 
 
 
 
 

Equation   ( ),
2

2

1 u u S x t
t xα

∂ ∂
= +

∂ ∂
,    0 x L< < ,     0t >  

Initial condition  ( ) ( )xu0,xu 0=     0 x L≤ ≤  

        Boundary conditions ( )1 1 1 1,
x 0

uk h u h u t
x ∞

=

∂ − + = ∂ 
 ( )0f t=       Robin 

             
x L

u 0
x =

∂  = ∂ 
    ( )Lf t=      Neumann 

 

1) Differential operator   
2

2

uLu
x
∂

≡
∂

, is already in self-adjoint form, ( )p x 1,=  ( )q x 0= , ( )r x 1,=   

2) Sturm-Liouville problem  2X Xµ′′ = −    [ ]1 x 0X H X 0
=

′− + =   Robin   1
1

1

hH
k

=  

            [ ]x LX 0
=

′ =     Neumann 

 solution (VI.5, p.448)   ( ) ( )n nX x cos x Lµ= − ,  ( ) ( )2 n
n

n

sin 2 LLX x
2 4

µ
µ

= + , 

where nµ  are the positive roots of 1sin L H cos L 0µ µ µ− =   
 

3) Integral Transform    ( ) ( ) ( )
L

n n
0

u t u x,t X x dx= ∫   ( ) ( )
L

n
0

u x,t cos x L dxµ= −  ∫  

 Inverse Transform   ( ) ( )n
n 2

n

X x
u x,t u

X
= ∑   

 
4) Operational property   { }Luℑ  ( ) ( ) ( ) ( ) ( ) ( )2

n n n 2 2 2 n 1 1 1   u y x r x f y x r x fµ ξ ξ′= − + +  

          ( ) ( )2
n n n 1 1,   u X 0 h u tµ ∞′= − +  

          ( ) ( )2
n n n n 1 1,   u sin x L h u tµ µ µ ∞= − − −  

5) Transformed Equation  ( ) ( ) ( ) ( )2
1 1,

1   sinn n n n n nu t u h x L u t S t
t

µ µ µ
α ∞

∂
= − − − +  ∂

 

        where  ( ) ( ) ( )
0

,
L

n nS t S x t X x dx= ∫  is the transformed source function. 

 Transformed initial condition ( ) ( ) ( )0 0,
0

0
L

n n nu u x X x dx u= =∫  

 

left bounday is exposed 
to a convective enviroment
with time dependent
temperature of surroundings

insulated
boundary

( )0u x

( )u x,t

0 L
x

[ ]x Lu 0
=

′ =( )
( )0

1 1 1 1,
x 0

f t

uk h u h u t
x ∞

=

∂ − + = ∂  
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( )u x,t

6) Apply Laplace transform: 

( ) ( ) ( ) ( ) ( )2
0, 0

1

1 1 ˆˆˆ ˆ0n n n n n n
s U s u f s X U s S s

k
µ

α α
− = − + ,  where ( ) ( ){ }ˆ

n nU s u t= . 

7)  Solve for transformed function 

( ) ( ) ( ) ( )0, 02 2 2
1

1 1 1ˆˆˆ 0n n n n
n n n

U s u X f s S s
ks s s
α α

αµ αµ αµ
= + +

+ + +
.   Note that { }2

2

1
n t

n

L e
s

αµ

αµ
−=

+
. 

Apply inverse Laplace transform using convolution theorem: 

( ) ( ){ } ( ) ( ) ( )2 2 2

0, 0
1

ˆ 0n n nt t t
n n n n nu t L U s u e X f t e S t e

k
αµ αµ αµα α− − −   = = + ∗ + ∗     

Which using convolution integral can be written as 
 

( ) ( ){ } ( ) ( ) ( ) ( ) ( )2 221
0, 0

1 0 0

ˆ 0 n nn

t t
t tt

n n n n nu t L U s u e X f e d S e d
k

αµ τ αµ ταµ

τ τ

α τ τ α τ τ− − − −−−

= =

   
= = + +   

   
∫ ∫  

 
8)    Then the solution of the given initial-boundary value problem is found by the inverse transform: 

( ) ( )
( )

n
n 2

n 1 n

X x
u x,t u

X x

∞

=

= ∑  

Consider the particular case of periodic surrounding temperature and zero source function and initial condition 

( )0 1 0f t h f sin tω= ,     ( )S x,t 0= ,  ( )0u x 0=    

Then transformed solution can be written as 

( ) ( ) ( ) ( )2

0 1
1 0

0 sin n

t
t

n nu t X f h e d
k

αµ τ

τ

α ωτ τ− −

=

 
=  

 
∫  

And after evaluation of convolution integral the transformed function becomes 

 

( ) ( ) ( ) ( ) 22

0 1 2 2 4
1

sin cos
0

n t
n

n n
n

t t e
u t f h X

k

αµαµ ω ω ω ωα
ω α µ

−− +
=

+
 

 
which reaches the periodic quasi-steady state 

 

( ) ( ) ( ) ( )2

0 1 2 2 4
1

sin cos
0 n

n n
n

t t
u t f h X

k
αµ ω ω ωα

ω α µ
−

=
+

 

 
FIT-01 RN .mws       Maple solution with   ( )1 1 0 0 0L 3, k 2, h 4, 1, f t f sin t , f 1, 2α ω ω= = = = = = =      
 
 
 
 
 
 
 
 
 
 
 
 
 

( )u 0,t

( )u L,t

( )wall temperature u L,t

phase shift
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